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We investigate the effect of electron-electron interactions on proximity-induced s-wave supercon-
ductivity in one-dimensional nanowires. We treat the interactions on a self-consistent mean-field
level, and find an analytic expression for the effective pairing potential in the presence of inter-
actions, valid for a weakly tunnel coupled wire. We show that for a set of two nanowires placed
in parallel on a superconducting substrate, the interaction-induced reduction of the pairing energy
could result in the effective interwire pairing potential exceeding the intrawire potential, which is
one of the requirements for creating a time-reversal symmetric topological superconducting state in
such a two-wire system.
PACS numbers:
I. INTRODUCTION
A topological superconductor has a gapped bulk spec-
trum and localized zero-energy Majorana modes at its
edges and around vortices in the bulk.1 These Majo-
rana states are quasiparticles with non-Abelian braid-
ing statistics, and the prospect of using them for topo-
logically protected quantum computing2 sparked an in-
tense search for topological phases in condensed matter
systems. A one-dimensional topological superconductor
thus has localized Majorana fermions at its ends3 and
one could envision implementing braiding operations in a
network of such wires.4 Concrete proposals how to create
a one-dimensional topological superconducting state in
a semiconductor-superconductor heterostructure5,6 were
rapidly followed by pioneering experiments7–9 showing
indeed signatures of localized Majorana end states.
All these proposals rely on inducing a spin polariza-
tion in the wire (i.e. breaking of time-reversal symme-
try), enabling the wire to mimic a spinless p + ip-wave
superconductor. Interestingly, a few years ago it was re-
alized that, in analogy to the quantum Hall and quantum
spin Hall effects, also topological superconductivity can
arise not only in systems with broken time-reversal sym-
metry, but also in time-reversal invariant systems.10 A
time-reversal symmetric topological superconductor has
a gapped bulk and has Majorana modes emerging in
(time-reversed) pairs at the edges of the sample. De-
spite the fact that a pair of Majorana fermions consti-
tutes one regular fermion, it was argued that these time-
reversed Majorana pairs might obey non-Abelian braid-
ing statistics.11 Although their braiding statistics are not
topologically protected,12 there are situations in which
they could be useful in the context of topological quan-
tum computation.
Proposals for how to create a solid-state time-reversal
symmetric topological superconductor included coupling
of a single-band semiconductor to a more exotic type
of superconductor, such as dx2−y2-wave13 or s±-wave.14
Other suggestions were to use a conventional s-wave su-
perconductor but couple it to a multi-layer interacting
semiconductor,15 to different topological insulators,16, or
couple it with a phase difference to different parts of a
single multi-band semiconductor.17,18 In essence, most of
these proposals rely on having two pairs of time-reversed
Fermi surfaces of which the effective pairing potentials
have opposite sign.
Very recently, the proposed setup of a single two-
channel nanowire (or equivalently two single-channel
nanowires) coupled to a conventional s-wave supercon-
ductor was investigated in more theoretical detail.19 It
was found in Ref. 19 that the requirement of having op-
posite induced pairing potentials in the two channels (as
was assumed in Ref. 18) could be generalized to the con-
dition ∆1∆2 < ∆
2
12, where ∆1(2) is the induced pairing
potential in channel 1(2) and ∆12 is an interchannel pair-
ing potential, coupling electrons in one channel to holes
in the other channel. For the case that the two channels
live in different nanowires, it was suggested that repul-
sive electron-electron interactions could play an impor-
tant role: They are expected to suppress the induced
intrawire pairing,20,21 whereas the interwire pairing is
barely affected due to very effective screening by the su-
perconductor. If this suppression is strong enough, the
system could thus enter a topological superconducting
phase, even for ∆1 = ∆2. This result was supported by
numerical Hartree-Fock and DMRG calculations, which
indeed showed the emergence of a topological non-trivial
phase in a two-channel nanowire coupled to an s-wave
superconductor if strong enough electron-electron inter-
actions were included.22
Electron-electron interactions can thus be a crucial in-
gredient for devising a time-reversal invariant topological
superconductor, and a thorough understanding of their
effect on the properties of proximity-coupled nanowires is
quintessential. Bosonization,20,23 DMRG,21 and numer-
ical Hartree-Fock24 approaches indicated that interac-
tions can indeed suppress the proximity-induced pairing
in a nanowire (as well as enhance its spin-polarization,
which is especially relevant for systems with broken time-
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2reversal symmetry).
In this work we analyze in detail the effect of electron-
electron interactions on the induced electron-hole pair-
ing in a proximity coupled nanowire. Assuming a finite
superconducting order parameter inside the wire, im-
posed by its contact with a nearby bulk superconductor,
we use a self-consistent mean-field approach—basically
the same approach as used for the numerical calcula-
tions in Ref. 22—and show that we can arrive at an-
alytic expressions for the interaction-induced reduction
of the proximity-induced superconductivity in the wire.
For the realistic case of weak tunnel coupling between
the wire and the superconductor (i.e. the tunneling rate
Γ into the superconductor smaller than the pairing en-
ergy ∆ inside the superconductor) we find the suppres-
sion to be (1 + υ ln 1τ )
−1, where υ characterizes the ratio
of the strength of the electron-electron interactions and
the nanowire density of states, and τ is the small param-
eter τ ∼ Γ/∆. For large υ ln 1τ this suppression becomes
strong, ultimately reducing the induced pairing to zero.
In the context of time-reversal symmetric topological
superconductivity in a two-wire setup, one has to com-
pare this suppressed pairing energy with the interwire
pairing ∆12. This interwire pairing is assumed not to be
affected by interactions, due to very effective screening by
the superconductor. It is however expected to decay with
increasing distance d between the wires. For two iden-
tical nanowires placed in parallel on a superconducting
substrate, we find this decay to be ∝ d−1/2 as long as d is
smaller than the coherence length of the superconductor.
In that case, the requirement ∆1∆2 < ∆
2
12 translates into
kscF d
<∼ (1+υ ln 1τ )2, where kscF is the Fermi wave vector in
the superconductor. This sets a clear boundary condition
for experiments trying to realize time-reversal symmetric
topological superconductivity in a two-wire system.
The rest of the paper is organized as follows. In Sec. II
we introduce the two-wire setup we have in mind, and
we present the Hamiltonian with which we describe the
electrons in the wires and the superconductor. In Sec. III
we first review how to understand the induced pairing in
a single wire in terms of correlated tunneling of electrons
and holes through the semiconductor-superconductor in-
terface. Then we extend this description to a pair of
wires and derive an effective interwire electron-hole pair-
ing Hamiltonian as a function of the distance between the
wires. We then include in Sec. IV electron-electron in-
teractions in our description and reevaluate the intrawire
pairing in the presence of interactions. In Sec. V we then
place our results in the context of topological supercon-
ductivity in nanowire-superconductor hybrid systems.
II. MODEL
The system we have in mind is sketched in Fig. 1: Two
semiconducting nanowires are deposited in parallel on a
superconducting substrate, spaced by a distance d. Both
wires are tunnel coupled to the same superconductor,
which has an s-wave type pairing potential ∆.
We assume both wires to be thin enough that only the
lowest electronic subband is occupied. We write for the
electrons in the wires the Hamiltonian
Hˆnw,w =
h¯2k2w
2m∗nw
− µnw, (1)
where kw represents the wave vector of the electrons in
wire w, where w ∈ {1, 2}, along the direction of the the
nanowire axis, i.e. the x-axis. In this work we will exclu-
sively focus on the interplay between the proximity effect
due to the coupling to the superconductor and electron-
electron interactions. Other “standard” ingredients, such
a term describing spin-orbit interaction ∝ kwσx and one
describing a Zeeman field ∝ σz (where the Pauli matrices
σ act in electron spin space), are disregarded for now.
The electrons in the s-wave superconducting substrate
are described by
Hˆsc =
h¯2p2
2m∗sc
− µsc −∆
∑
p
{
cˆ†p,↑cˆ
†
−p,↓ + H.c.
}
, (2)
c
(†)
p,σ being the electronic annihilation(creation) operator
of an electron with momentum p and spin σ in the super-
conductor. For convenience we take the pairing potential
∆ to be real.
We assume the electronic states in the two nanowires
to be tunnel coupled to those in the superconductor. We
describe this coupling by the tunneling Hamiltonian
Hˆt =
∑
w,σ
∫
dx dr′ tw(x, r′)ψˆ†w,σ(x)Ψˆσ(r
′) + H.c., (3)
where ψˆ†w,σ(x) creates an electron with spin σ at position
x in nanowire w, and Ψˆ†σ(r
′) creates an electron with spin
σ at position r′ in the superconductor. The tunneling
amplitudes are assumed to have the form
tw(x, r
′) = t˜ δ(x′ − x)δ(y′ − yw)δ(z′), (4)
FIG. 1: (Color online) Model system investigated in this work:
Two semiconducting nanowires are placed in parallel on a su-
perconducting substrate. The electrons in the wires are tunnel
coupled to the superconductor, and the superconductor has
an s-wave pairing, its order parameter being ∆.
3where yw is the y coordinate where wire w touches the
superconductor: Using y1 = 0 and y2 = d corresponds
with the geometry depicted in Fig. 1. For simplicity we
assumed the coupling strength parameter t˜ (dimension
energy times meters) to be equal for the two wires. As-
suming translational invariance along the x-direction, we
can Fourier transform the tunneling Hamiltonian (3) to
momentum space, which yields
Hˆt =
∑
w,σ
∑
k,p
tδk,px
{
e−ipyyw aˆ†w,k,σ cˆp,σ + H.c.
}
, (5)
where aˆ†w,k,σ = L
−1/2
x
∫
dx eikxψˆw,σ(x) creates an elec-
tron with momentum k and spin σ in wire w, with Lx
being the length of the wires. We used the Kronecker
delta function δk,px and we renormalized t ≡ t˜
√
Lx/V
with V the volume of the superconductor. The coeffi-
cient t now has dimension energy, and for convenience it
is assumed to be real.
Electron-electron interactions inside the nanowires are
assumed to be very short-ranged due to strong screen-
ing by the nearby superconductor. We thus assume only
intrawire interactions to be relevant and we model the
interactions with a simple contact interaction potential,
U(r) = U δ(r). This yields the Hamiltonian
Hˆee =
U
2Lx
∑
w,σ
∑
k,k′,q
aˆ†w,k+q,σaˆ
†
w,k′−q,σ¯aˆw,k′,σ¯aˆw,k,σ. (6)
Note that only electrons with opposite spin interact, due
to the Pauli principle.
We will treat the interactions on the mean-field level,
such as was done in Ref. 22. This gives us
Hˆmfee =
U
2Lx
∑
w,σ
∑
k,k′
{
〈aˆ†w,k′,σ¯aˆw,k′,σ¯〉aˆ†w,k,σaˆw,k,σ
+ 〈aˆ†w,−k′,σ¯aˆ†w,k′,σ〉aˆw,k,σaˆw,−k,σ¯
+ 〈aˆw,k′,σaˆw,−k′,σ¯〉aˆ†w,−k,σ¯aˆ†w,k,σ
}
, (7)
where we used that our model is invariant under lattice
translations along the x-direction and conserves spin. We
stress again that our mean-field theory does not assume
that the one-dimensional system itself is the source of
breaking the gauge symmetry associated with supercon-
ductivity. The symmetry is already broken by the bulk
superconductor, and hence the order parameter 〈aˆ†aˆ†〉 is
non-zero because of Cooper-pair tunneling from the bulk.
III. INDUCED SUPERCONDUCTIVITY:
NON-INTERACTING WIRES
A. One wire
We will now investigate the proximity-induced su-
perconductivity in the nanowires. To make the pa-
per self-contained, we first review the case of a sin-
gle, non-interacting wire on a superconducting substrate,
and show how one can understand the proximity effect
in terms of correlated tunneling of electrons and holes
through the semiconductor-superconductor interface.25
Our derivation closely follows similar derivations in ex-
isting literature, see e.g. Refs. 26 and 27.
We start by integrating out the superconductor degrees
of freedom, resulting in a self-energy term for the electron
Green functions in the nanowire,
Σsc(k, iωn) = t
2
∑
p
δk,pxGsc(p, iωn), (8)
where ωn = pi(2n + 1)T is a fermionic Matsubara fre-
quency at temperature T (setting kB → 1). Both the
self-energy Σsc and the superconductor’s electronic Green
function Gsc are 2 × 2 matrices in Nambu space. In
terms of electronic creation and annihilation operators,
we define Gsc(p, iωn) as the Fourier transform of the
imaginary-time correlation functions,
Gsc(p, iωn) =
∫ 1/T
0
dτ eiωnτGsc(p, τ), (9)
with
Gsc(p, τ) =
−
〈
Tˆτ
(
cˆp,↑(τ)cˆ
†
p,↑(0) cˆp,↑(τ)cˆ−p,↓(0)
cˆ†−p,↓(τ)cˆ
†
p,↑(0) cˆ
†
−p,↓(τ)cˆ−p,↓(0)
)〉
,
(10)
where Tˆτ is the imaginary-time time-ordering operator.
In this case, we find
Gsc(p, iωn) = −1
ω2n + (ε
sc
p )
2 + |∆|2
(
iωn + ε
sc
p −∆
−∆ iωn − εscp
)
,
(11)
where ∆ is the order parameter of the (s-wave) supercon-
ductor, and the electron and hole energies εscp are mea-
sured from the Fermi level, εscp = h¯
2p2/2m∗sc − µsc.
We see that the off-diagonal elements of the self-energy
(8) describe Andreev reflection at the semiconductor-
superconductor interface, and thus introduce (supercon-
ducting) correlations between electrons and holes in the
nanowire. We would like to describe this induced super-
conductivity with a simple electron-hole pairing term in
the nanowire Hamiltonian, such as is usually done.5,6,28
To this end, we convert the sum in (8) into an integral,
Σsc(k, iωn) =
t2V
(2pi)2Lx
∫
dpy dpz Gsc(k, py, pz; iωn).
(12)
Using that the Fermi energy of the superconductor EscF is
typically much larger than its gap size ∆, we assume that
the normal-state density of states of the superconductor
can safely be set to a constant. This allows us to perform
the integral in (12), yielding
Σsc(k, iωn) =
pit2ν2√
∆2 + ω2n
( −iωn ∆
∆ −iωn
)
, (13)
4where ν2 ≡ (m∗sc/2pih¯2)(V/Lx) is the effective two-
dimensional normal-state density of states of the super-
conductor, which is probed by fixing px = k and inte-
grating over the other two momentum directions py,z.
The bare Green function of the electrons and holes in
the nanowire reads
G(0)(k, iωn) = 1
iωn − τzεnwk
, (14)
where εnwk = h¯
2k2/2m∗nw − µnw and τz is the third Pauli
matrix in Nambu space, i.e. it yields +1 for electrons and
−1 for holes. We then “dress” this Green function with
the proximity self-energy (13), which gives
G(k, iωn) = G(0)(k, iωn)
{
1− Σsc(k, iωn)G(0)(k, iωn)
}−1
.
(15)
Analytic continuation of this Green function yields the
retarded propagator
GR(k, ω) =
[1 + γ(ω)]−1
ω − ε
nw
k
1 + γ(ω)
τz − γ(ω)∆
1 + γ(ω)
τx + iη
, (16)
where η = 0+ is a positive infinitesimal, and we
introduced the frequency-dependent function γ(ω) =
pit2ν2/
√
∆2 − ω2. We see from (16) that the tunnel cou-
pling to the superconductor in general leads to (i) a re-
duced quasiparticle weight, (ii) a renormalization of the
electron and hole energies, and (iii) a dynamical coupling
between electrons and holes proportional to ∆.
If the energies of the electrons of interest are much
smaller than the gap size of the superconductor, ω  ∆,
we can approximate γ ≈ pit2ν2/∆, which is frequency-
independent and characterizes the ratio between the tun-
neling rate into the superconductor and the size of the
superconducting gap. In this case, the pairing term in
the Green function (16) can be equivalently produced by
including the model Hamiltonian27
Hˆpair =
pit2ν2∆
pit2ν2 + ∆
τx. (17)
We see that the magnitude of the effective induced pair-
ing potential can range from zero to ∆, depending on the
ratio pit2ν2/∆. The regime of small pit
2ν2/∆ is experi-
mentally the most relevant27 and in this limit the induced
pairing can be described by
Hˆpair = pit
2ν2τx. (18)
B. Two wires
If two separate wires are tunnel coupled to the same
superconductor, as depicted in Fig. 1, we expect that
besides the intrawire electron-hole correlations such as
considered in the previous Section, also interwire correla-
tions could be induced. These correlations are the result
of “crossed Andreev reflection” at the superconductor-
semiconductor interfaces: A Cooper pair in the super-
conductor can scatter into a state with one extra electron
in each wire, and vice versa.29–33
To include such cross-wire processes in our description,
the electron Green function and and self-energy of the
nanowire part of the system are written as 4×4 matrices
in combined particle-hole and left-right nanowire space.
The full self-energy then reads
Σsc(k, iωn) =
(
Σsc,11(k, iωn) Σ
sc,12(k, iωn)
Σsc,21(k, iωn) Σ
sc,22(k, iωn)
)
, (19)
in the two-nanowire space. The off-diagonal Nambu ma-
trices are given by
Σsc,21(k, iωn) = t
2
∑
p
δk,pxe
ipydGsc(p, iωn), (20)
and Σsc,12(k, iωn) follows from substituting d→ −d. We
see that these off-diagonal self-energies differ from (8)
by the factor e±ipyd in the summand, taking care of the
finite distance between the wires. The off-diagonal ele-
ments of Σsc,21 and Σsc,12 describe the aforementioned
crossed Andreev reflection, whereas their diagonal ele-
ments describe virtual tunneling of electrons and holes
between the two wires (via a quasiparticle state in the
superconductor).
A low-energy effective pairing Hamiltonian can be ex-
tracted in the same way as before. First, we convert the
sum in (20) into an integral over py,z which yields in the
same limit EscF  ∆ as we used before
Σsc,21(k, iωn) =
pit2ν2√
∆2 + ω2n
g(d, ωn)
( −iωn ∆
∆ −iωn
)
,
(21)
where we defined the dimensionless function
g(d, ωn) =
2
pi
ImK0
(
d
√
−(kscF )2 − i 2m
∗
sc
h¯2
√
∆2 + ω2n
)
,
(22)
with K0(x) being the zeroth order modified Bessel func-
tion of the second kind. In the limit of small energies,
ω  ∆, we then straightforwardly find the effective in-
terwire pairing term to be
Hˆ21pair =
pit2ν2 g(d, 0)∆
pit2ν2 g(d, 0) + ∆
τx. (23)
Let us now specialize this result to practically relevant
conditions: (i) In a realistic setup, the interwire distance
d will be (much) larger than (kscF )
−1, so we use an asymp-
totic expression for the Bessel function34
lim
x→∞K0(x) =
√
pi
2x
e−x. (24)
(ii) We assume pit2ν2/∆ to be small, which seems to be
typically the case in experiments7–9 and is desirable when
5the goal is to create a topological superconducting state
in the wire.27 Under these conditions we have
Hˆ21pair = pit
2ν2
√
2
pi
e−d/ξ0 sin(kscF d+
pi
4 )√
kscF d
τx, (25)
where the superconducting coherence length is defined
as ξ0 = h¯v
sc
F /∆, with v
sc
F being the Fermi velocity in the
superconductor. It turns out that the approximation of
the Bessel function is already excellent for moderately
large kscF d. From this Hamiltonian we thus extract the
magnitude of the induced interwire pairing potential,
∆12 = pit
2ν2
√
2
pi
e−d/ξ0 sin(kscF d+
pi
4 )√
kscF d
. (26)
We see that the pairing energy oscillates as a function of
d on a length scale 1/kscF , and is suppressed algebraically
by ∝ (kscF d)−1/2 and exponentially by ∝ e−d/ξ0 .
For two (zero-dimensional) quantum dots coupled to
the same superconductor, the crossed Andreev amplitude
was found to be proportional to ∝ (kscF d)−1e−d/ξ0 , where
d is now the distance between the dots.30,33 We see that
for the two-wire setup the suppression is less severe, we
find for distances shorter than ξ0 a d
−1/2-suppression in-
stead of a d−1-suppression. This “gain” of a factor d1/2 is
due to the reduced effective dimensionality of our setup:
The translational invariance along the x-axis removes ef-
fectively one direction in which the electron-hole correla-
tion function inside the superconductor decays. As a side
remark, we note here that the suppression might become
even less strong if one uses a diffusive superconductor
instead of a clean one, as we assumed here.35
We also emphasize that the tunneling amplitudes used
in our model (4) consist of δ-functions of coordinate. This
implies that we assume that all tunneling between wire w
and the substrate takes place along a straight line with
y = yw and z = 0. As soon as the wires have a fi-
nite contact area with the superconductor, and tunneling
can take place within a band dy of y-coordinates around
yw, then the induced electron-hole correlations will be
averaged accordingly. We see that the averaged pair-
ing will be suppressed as soon as kscF dy
>∼ 1 and drop
to zero for large kscF dy. Since (k
sc
F )
−1 is of the order of
the lattice spacing in the superconductor, any realistic
setup will be in the regime where kscF dy
>∼ 1. However,
as long as the suppression is not too severe, the order
of magnitude of the interwire pairing term will still be
∼ t2ν2e−d/ξ0/
√
kscF d.
IV. INDUCED SUPERCONDUCTIVITY:
INTERACTING WIRES
We now would like to include electron-electron inter-
actions into our model, and see how their presence af-
fects the superconducting correlations induced in the
wires. To describe the interactions, we use the mean-field
Hamiltonian (7) which includes only intrawire contact in-
teraction, only between electrons with opposite spin. In
this section we will thus focus again on a single wire.
The first (Hartree) term in Eq. (7) leads to an energy
shift of the electrons and holes that can be accounted for
by an appropriate shift of the chemical potential. We will
disregard this term and take the chemical potential as a
fixed parameter, leaving us with
Hˆmfee =
U
2Lx
∑
k,k′,σ
{
〈aˆ†−k′,σ¯aˆ†k′,σ〉aˆk,σaˆ−k,σ¯
+ 〈aˆk′,σaˆ−k′,σ¯〉aˆ†−k,σ¯aˆ†k,σ
}
. (27)
The effect of this mean-field Hamiltonian is an extra term
in the self-energy of the electrons and holes in the wire,
Σtot(k, iωn) = Σ
sc(k, iωn) + Σ
int, (28)
with
Σint =
UT
Lx
∑
q,m
(
0 Geh(q, iωm)
Ghe(q, iωm) 0
)
, (29)
where ωm = pi(2m + 1)T are again fermionic Matsub-
ara frequencies. The functions Geh and Ghe are the
off-diagonal elements of the electron Green function in
Nambu space, explicitly reading
Ghe(k, iωm) = −
∫ 1/T
0
dτ eiωmτ 〈Tˆτ aˆ†−k,↓(τ)aˆ†k,↑(0)〉, (30)
Geh(k, iωm) = −
∫ 1/T
0
dτ eiωmτ 〈Tˆτ aˆk,↑(τ)aˆ−k,↓(0)〉. (31)
We note that the self-energy Σint does not depend on
wave number or energy (resulting from our δ-function
approximation for the interaction potential). For conve-
nience, we thus introduce the notation
Σint = ∆
(
0 seh
she 0
)
. (32)
The solution for the full Green function, dressed with
the self-energy (28), can now be written as
G(k, iωn) = G(0)(k, iωn)
{
1− Σtot(k, iωn)G(0)(k, iωn)
}−1
,
(33)
and since Σtot(k, iωn) depends via (29) on Geh and Ghe,
this equation constitutes a self-consistency equation.
We insert the expression (14) for the bare Green func-
tions into (33) and write for the electron-hole correlation
function Geh(k, iωn)
Geh(k, iωn) = −∆[γ(iωn) + s
eh]
ω2n +
(εnwk )
2
[1 + γ(iωn)]2
+
∆2[γ(iωn) + s
eh]2
[1 + γ(iωn)]2
.
(34)
6Note that the argument of the function γ(ω) is now com-
plex, which yields γ(iωn) = pit
2ν2/
√|∆|2 + ω2n. Due to
our choice of real t and ∆, the analogous expression for
the hole-electron correlation function Ghe(k, iωn) is iden-
tical, and we see that seh = she ≡ s, with s real.
Again specializing to the case of weak tunnel coupling,
pit2ν2/∆ 1, which ensures that γ(iωn) 1, and sum-
ming (34) over all allowed wave numbers k and energies
ωn then yields a self-consistency equation for s,
s =
UT
Lx
∑
q,n
−γ(iωn)− s
ω2n + (ε
nw
q )
2 + ∆2[γ(iωn) + s]2
. (35)
In the standard way the sum over Matsubara frequencies
is then rewritten as an integral enclosing the poles of a
Fermi function and the sum over q is converted into an
integral. If we use the assumption τ  1, where τ ≡
pit2ν2/∆, and furthermore require that | ln τ |  1,36 we
can find approximate answers for the resulting integrals.
At T = 0, this finally yields the result
s = −υ(τ + s) ln 1|τ + s| , (36)
where we introduced a dimensionless parameter charac-
terizing the strength of the electron-electron interactions,
υ ≡ Uνnw(µnw)/2pi with νnw(µnw) = (2m∗nw/h¯2µnw)1/2
being the electronic density of states in the nanowire at
the Fermi energy (i.e. at the chemical potential, mea-
sured from the band edge where q = 0). Alternatively,
one can estimate the self-energy (35) by neglecting the
frequency-dependence of γ. All integrals can then be
performed analytically and, when assuming a constant
density of states and using ∆ as energy cut-off for elec-
trons and holes contributing to Andreev reflection, the
same result (36) can in fact be produced.
We see from (34) that we always must have −τ < s <
0. For the case where τ is assumed to be small, s is thus
small as well. Under the present assumptions we can
then use the approximate solution
s = − υτ ln
1
τ
1 + υ ln 1τ
, (37)
which depends on having large | ln τ |, but does not as-
sume anything about υ. Proceeding along the same lines
as in Sec. III A, we can write explicitly the retarded prop-
agator GR(k, ω) for the electrons and holes, and then de-
rive an effective pairing Hamiltonian which would provide
the correct coupling between electrons and holes. Within
our approximations, we find that Hˆpair = ∆1,2τx, with
∆1,2 =
pit2ν2
1 + υ ln 1τ
, (38)
i.e. the pairing energy is a factor (1 + υ ln 1τ ) smaller
than the non-interacting potential found in Sec III A.
We see that for large |υ ln τ |, the pairing energy becomes
∆1,2 = pit
2ν2/υ ln
1
τ , which ultimately tends to zero when
+
+
+
+
+
+
+
+
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+
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+
FIG. 2: (Color online) (a) Graphical presentation of nu-
merical and analytic solutions to the self-consistent equation
for s. The red connected dots are numerical evaluations of
(UT/υ∆Lx)
∑
q,m Geh(q, iωm). The green solid lines show
our analytic approximation of the same expression. The blue
dashed lines show s/υ for υ = 1, 0.1. Self-consistent solutions
for s occur at intersections of the blue dashed lines with ei-
ther the numerical or analytic curves. In both plots we used
µnw/∆ = 0.5 and T/∆ = 10
−6. (b) Values for |s| found
numerically (red circles) and with analytic approximations
(green crosses). (c) Resulting relative suppression of ∆1,2.
|υ ln τ | → ∞. We again emphasize that this suppression
plays a role only for intrawire induced superconductivity:
The interwire correlations, resulting from crossed An-
dreev reflection, are to first approximation not affected
by the interactions, since they are assumed to be strongly
screened by the superconductor.
In the case of strong coupling, τ ∼ 1, Eq. (34) cannot
be simplified to (35), and one has to find s numerically
from the self-consistency relation defined by (29), (32),
and (34). In Fig. 2 we compare numerical results with
our approximate expression (37). Fig. 2a shows graph-
ical representations of the self-consistency relation, for
τ = 10−5 and τ = 0.1. In both plots we show three dif-
ferent functions of s for the range of interest −τ < s < 0:
(i) The red connected dots present numerical evaluations
of (UT/υ∆Lx)
∑
q,m Geh(q, iωm), with µnw/∆ = 0.5 and
T/∆ = 10−6. (ii) The blue dashed lines show s/υ as a
function of s, for υ = 1 and υ = 0.1. (iii) The green
solid lines show our small-τ expression (τ + s) ln |τ + s|.
Numerical self-consistent solutions for s are given by the
points where (i) and (ii) intersect, and solutions following
from (37) correspond to points where (ii) and (iii) inter-
sect. In Fig. 2b we show the values for |s| found from the
numerical calculation (red circles) and from the analytic
approximation (green crosses). For τ = 1, Eq. (37) yields
s = 0 for all υ. Finally, Fig. 2c presents the resulting
suppression of the intrawire pairing energy (close to the
Fermi level), where we defined δ = ∆1,2(υ)/∆1,2(υ = 0).
We see that our small-τ approximation works reasonably
well up to τ ∼ 0.1 and that it works better for small υ.
7V. IMPLICATIONS AND DISCUSSION
Let us now place our results in the context of the pro-
posals for creating topological superconducting phases in
nanowire-superconductor heterostructures. For topolog-
ical superconductivity in single wires (with broken time-
reversal symmetry), our results add to a detailed under-
standing of the physics of the proximity effect. In most
theoretical descriptions, the proximity-induced supercon-
ductivity is incorporated in a phenomenological way, by
introducing an effective electron-hole pairing term in the
wire Hamiltonian, and electron-electron interactions are
neglected. In this work, we arrived at analytical results
showing the interplay between electron-electron interac-
tions and the proximity effect for a one-dimensional semi-
conductor weakly coupled to a bulk superconductor.
For a double-wire setup however, our results are of even
more importance. It has been shown that a set of two
semiconducting nanowires coupled to the same s-wave
superconductor can behave collectively as a time-reversal
symmetric topological superconductor, one of the condi-
tions being that ∆1∆2 < ∆
2
12.
19 One of the proposed
implementations used ∆12 = 0, in which case it is re-
quired that the induced superconducting correlations in
the two wires have opposite sign,18 which poses an exper-
imental challenge. As we showed above, assuming two
identical wires placed in parallel on a superconducting
substrate, one finds that (i) ∆1,2 are suppressed in the
presence of interactions, whereas ∆12 can be assumed
unaffected, and (ii) ∆12 becomes weaker with increasing
distance d between the wires, which to first approxima-
tion does not influence ∆1,2. This in principle allows for
having ∆1,∆2 < ∆12.
Combining our results from Secs. III and IV, we see
that the criterion can be translated to
e−d/ξ0 sin(kscF d+
pi
4 )√
kscF d/2pi
>
pi
1 + υ ln 1τ
. (39)
In the realistic regime where (kscF )
−1 < d  ξ0, we can
reduce this inequality to
kscF d
<∼ (1 + υ ln 1τ )2, (40)
which sets a boundary on the interwire distance d. We see
that both small tunnel coupling and strong interactions
are favorable for satisfying the requirement.
For a quasi-one-dimensional nanowire we estimate
υ ∼ e
2
4pi2
√
2m∗nw
h¯2EnwF
,
where  = r0 with r the relative permittivity of the
nanowire material. To arrive at quantitative estimates
we assume common InAs nanowires, which have r ≈ 15
and m∗nw = 0.026me. With µnw ∼ 0.1 meV we then find
υ ∼ 2.5. Assuming that realistically ln 1τ will not exceed
5 (but be more likely ≈ 2), we find as a condition kscF d <∼
182 (for υ ln 1τ = 12.5) but more realistically k
sc
F d
<∼ 36
(for υ ln 1τ = 5). With k
sc
F ∼ 1010 m−1 this yields as
maximum distance between the wires ∼ 20 nm and ∼ 4
nm for the two estimates.
Given that current-generation InAs nanowires have a
diameter of 50–100 nm, this would most likely rule out
their use for creating a two-wire-based time-reversal in-
variant topological superconducting state. In order to
stretch the range of allowed distances, one could try to
increase υ by working at a lower µnw, or with a different
material with larger m∗nw or smaller r. As noted be-
fore, using a diffusive superconductor might result in a
less severe d-dependent suppression of the interwire pair-
ing ∆12, which could also loosen the restrictions on d.
Of course, another possibility is that the next generation
of nanowire fabrication techniques can produce thinner
wires: Our results indicate that a diameter of ∼ 10 nm
could be thin enough. Alternatively, one could imagine
using instead of nanowires chains of adatoms placed di-
rectly on top of the superconducting substrate, such as
was done in Ref. 37: Then the two one-dimensional sys-
tems could in principle be atomically spaced.
Further, most proposals for nanowire-based topological
superconductivity (both with or without time-reversal
symmetry present) have significant spin-orbit coupling
as a necessary ingredient for the emergence of a topolog-
ical state. So, another relevant question to consider is
how spin-orbit interaction would affect our results if we
would incorporate it into our model. This would require
adding a term αkwσz to the wire Hamiltonian (1), where
we chose the spin quantization axis along the direction of
the effective spin-orbit field. This extra term can equiva-
lently be produced by introducing a spin-dependent mo-
mentum shift, kw → kw + σzkso, with kso = αm∗nw/h¯2
and an appropriate shift of the chemical potential µnw.
However, due to the contact interaction assumed in our
model, the interaction self-energy (29) contains a sum
over all momenta and the momentum shift is thus irrel-
evant. If we furthermore take µnw as measured from the
band edge, then there is no difference in results at all.
Finally, one could question the accurateness of model-
ing the interaction energy as a contact interaction. A
rough estimate for the actual screening length in the
wires is given by their diameter. For wires with a di-
ameter of D ∼ 50–100 nm, the corresponding energy
scale εscr = h¯
2/2m∗nwD
2 ∼ 0.1–0.6 meV is indeed not
very large and might compete with other relevant energy
scales in the system. As a very crude method to gain
some insight in the effects of a finite screening length,
one could investigate the self-energy Σint to first order in
U , i.e. evaluate Eq. (35) with s → 0 on the r.h.s. As-
suming that γ(iωn) ≡ τ is frequency-independent, we
can perform the sum over Matsubara frequencies as well
as the integral over momenta (using a constant density
of states for the wire and assuming µnw ∼ τ∆). With
a cut-off energy ∆ and cut-off momentum 1/D, we can
evaluate the function s(k) explicitly for small k  1/D.
8We find in the small-τ limit
s = −υτ ln
(
ζ
τ
+
√
ζ2
τ2
+ 1
)
, (41)
with ζ = εscr/∆. We have per definition ζ < 1 (otherwise
all integrals would be cut off at ∆). We thus see that
as long as ζ  τ (which corresponds to εscr  τ∆)
the effect is negligible and (41) reduces to s ≈ −υτ ln 1τ ,
which agrees with our previous results to first order in υ.
For ζ ∼ τ the suppression of the self-energy is given by
the full expression given above, and for ζ  τ , we find
s ≈ −υζ. We see that ζ ∼ τ , where a finite screening
length becomes important, corresponds to
h¯2
2m∗nwD2
∼ τ∆.
We always assume that µnw ∼ τ∆ so the regime where
finite-range interactions can be neglected corresponds to
µnw <∼ h¯2/2m∗nwD2. Our basic assumption that the wire
can be considered quasi-one-dimensional thus automati-
cally pushes us to the regime where the screening length
can be safely set to zero.
VI. CONCLUSION
We have investigated in detail the effect of electron-
electron interactions on the proximity-induced supercon-
ducting correlations in a one-dimensional nanowire. We
treated the interactions in the wire on a self-consistent
mean-field level, and found an analytic expression for the
resulting effective pairing, valid for a weakly tunnel cou-
pled wire (τ  1). Inspired by the theoretical proposal
that a system of two nanowires coupled to the same s-
wave superconductor can be driven into a time-reversal
symmetric topologically non-trivial phase if the effective
interwire pairing ∆12 exceeds the intrawire pairings ∆1,2,
we also derived an expression for the proximity-induced
interwire pairing, which was found to decay with increas-
ing interwire distance ∝ d−1/2. Combining these results,
we translated the requirement ∆1∆2 < ∆
2
12 for creating
a topologically non-trivial phase into a maximal distance
between two parallel wires kscF d
<∼ (1 + υ ln 1τ )2, which
sets a clear boundary for experiments.
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